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Uses of Tree Interpolation
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@ Hoare-style program
verification [Henzinger 04]

procedure f(n) returns res
if (n <=0)
res :=0

assert res >=n
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Uses of Tree Interpolation
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n=20 @ Hoare-style program
lT verification [Henzinger 04]
n<0
procedure f(n) returns res
T if (n <=0)
res — 0 res :=0
ln < res

assert res >=n
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Uses of Tree Interpolation
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ne=n-1 e Hoare-style program
verification [Henzinger 04,
Heizmann 10]

procedure f(n) returns res
-(n<0) res.= if (n <=0)

res :=0
/ else

res :=n+call f(n—1)
l assert res >=n
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Uses of Tree Interpolation

EIBURG

=]
ne=n-—1 @ Hoare-style program
lT verification [Henzinger 04,
Heizmann 10]
n=1 ne <0
lT lT procedure f(n) returns res
-(n<0) resc=0 if (n <= 0)

res . =0
\ /) < res, else

res :=n Nf(n—-1
res = n - resc s +ca ( )
assert res >=n

ln < res

res <n
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Uses of Tree Interpolation
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Hoare-style program
verification [Henzinger 04,
Heizmann 10]

Verification of multi-threaded
programs and higher order
programs [Rybalchenko 12]
Incremental update

checking [Sery 11]

Solving non-recursive Horn
clauses [Rybalchenko 11]

Inductive Dataflow
Graphs [Podelski 13]
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Tree Interpolation Problem
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/\ Fi is unsatisfiable
Tree Inductivity:

e h=_L1
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Tree Interpolation Problem £
-s8-
=]y
Fo /\ Fi is unsatisfiable
lo Tree Inductivity:
/ \ e h=_1
3 £, e Child interp.olants
and parent imply

h .
parent interpolant

BA | B | N
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Tree Interpolation Problem

Christ, Hoenicke (Uni Freiburg)

Tree Interpolation

EIBURG

A\ Fi is unsatisfiable
Tree Inductivity:
e h=_L1
@ Child interpolants
and parent imply
parent interpolant
@ Interpolant only
contains symbols
occurring inside and
outside the current
subtree
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Binary Interpolation

For ANB =1 L:
o AT,
e BAI =7 1,
e symb(/) C symb(A) N symb(B)
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Binary Interpolation

For ANB =1 L:
o AT,
e BAI =7 1,
e symb(/) C symb(A) N symb(B)
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Christ, Hoenicke (Uni Freiburg) Tree Interpolation July 8, 2013 8 /29



Resolution Refutation

Proof consists of

@ leaves representing input clauses,
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Resolution Refutation

Proof consists of
@ leaves representing input clauses,

@ inner nodes derived by resolution

G VY G VA

GvGo
PV Q PV-Q
P -P
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Resolution Refutation

Proof consists of
@ leaves representing input clauses,

@ inner nodes derived by resolution

G VY G VA
GvG

@ the root node representing the empty clause.

Pv@Q Pv-Q
P -P
1
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Labelled Resolution Refutation g
-s2-
Label each clause in the resolution refutation with partial interpolant >
PVQ :lpvqg PV-Q : Ipy-q
. -P : ﬁp

\/
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Labelled Resolution Refutation g

z
Label each clause in the resolution refutation with partial interpolant 7"
PVQ : Ipvg PV-Q : Ipyv-q
. -P : ﬁp

\/

@ Syntactic rules for leaves
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Labelled Resolution Refutation g

z
Label each clause in the resolution refutation with partial interpolant 7"
Gve ok PVvQ@: /pVQ PVv-Q : /pVﬁQ
GV b
LeA \ /
GVvG : hvhb
GV h : P Lp

GV~ b
B G L
1 2 - N 2 1

@ Syntactic rules for leaves

@ Interpolant of resolved based on interpolants of antecedents and pivot
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Labelled Resolution Refutation g

z
Label each clause in the resolution refutation with partial interpolant 7"
Gve ok PVvQ@: /pVQ PVv-Q : /pVﬁQ
GV b
LeA \ /
GVvG : hvhb
GV h : P Lp

GV~ b
B G L
1 2 - N 2 1

@ Syntactic rules for leaves

@ Interpolant of resolved based on interpolants of antecedents and pivot

/| is desired interpolant.
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Partial Interpolants &

Partial interpolant /¢ of clause C is interpolant of

ANBA-C
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Partial Interpolants &

Partial interpolant /¢ of clause C is interpolant of

ANBA-C

How to split =C?
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Partial Interpolants

Partial interpolant /¢ of clause C is interpolant of
ANBA-C

Define =C | A and —~C | B such that
e symb(—C | A) C symb(A)
e symb(—C | B) C symb(B)
e - C+-C|AAN-C|B
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Partial Interpolants

Partial interpolant /¢ of clause C is interpolant of

ANBA-C

Define =C | A and —~C | B such that
e symb(—C | A) C symb(A)
e symb(—C | B) C symb(B)
e - C+-C|AAN-C|B

Partial interpolant /¢ is interpolant of
AN ((—=C) | A) and BA((—C) | B).

Christ, Hoenicke (Uni Freiburg) Tree Interpolation
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@ Interpolation in SMT
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Additional Leaves &

@ Theory lemmas

@ Theory combination lemmas

x<yVx#y
x>yVx#y
X<yVx>yVx=y
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Additional Leaves

EIBURG

@ Theory lemmas

@ Theory combination lemmas

x<yVx#y
x>yVx#y
X<yVvVx>yVx=y

might contain literals that are not in the input formulas
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Mixed Literals g

o literals that contain symbols only in A and symbols only in B: a=5b
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Mixed Literals g

o literals that contain symbols only in A and symbols only in B: a=5b

@ literals do not occur in input formulas
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Mixed Literals g

o literals that contain symbols only in A and symbols only in B: a=5b
@ literals do not occur in input formulas

@ created by

e theory combination (Nelson-Oppen, Ackermannization),
e cuts and extended branches used to solve integer arithmetic,
o ...
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Mixed Literals g

o literals that contain symbols only in A and symbols only in B: a=5b
@ literals do not occur in input formulas

@ created by

e theory combination (Nelson-Oppen, Ackermannization),
e cuts and extended branches used to solve integer arithmetic,
o ...

Whatisa=b| Aanda=b| B?
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Interpolation and Mixed Literals

Purification:
replacc a< bbya<xAx<b
similar to purification in Nelson-Oppen
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Interpolation and Mixed Literals

EIBURG

Purification:
replacc a< bbya<xAx<b
similar to purification in Nelson-Oppen

Interpolation:
Remove purification variable on resolution:
CGGva<b: Il(Xl) GV —|(a < b) : I2(X2)

GVvG L
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Interpolation and Mixed Literals

EIBURG

Purification:
replace a< bbya<xAx<b
similar to purification in Nelson-Oppen

Interpolation:
Remove purification variable on resolution:
CGGva<b: Il(Xl) GV —|(a < b) : /2(X2)

GVvG ok

Rules for uninterpreted functions and linear arithmetic [TACAS 2013]

Christ, Hoenicke (Uni Freiburg) Tree Interpolation July 8, 2013 15 /29



Outline

UNI
1

FREIBURG

© From Binary to Tree Interpolation

Christ, Hoenicke (Uni Freiburg) Tree Interpolation July 8, 2013 16 / 29



|dea &
Binary Interpolation:

G : B Gl

\/

G :h G: b

\/
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ldea g

Binary Interpolation:
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Idea g

Tree Interpolation:

C3 . I3 C4 . I4
G :h G : b
1 1 i
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Idea g

Tree Interpolation:
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ldea g

Tree Interpolation:

repeated
binary
interpolation
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Partial Tree Interpolants

EIBURG

Partial tree interpolant I¢ for clause C is tree interpolant of

Fo
t

F1
/ \
F> F3

AN—-C

How to split =C?
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Partial Tree Interpolants g

Partial tree interpolant I¢ for clause C is tree interpolant of

Fo A ((=C) | vo)

t
Fi A ((=C) | v1)

A ™
Fan((=C) Lv2) F3A((=C) | w3)

@ One purification function per node
ol dx. N\ lL|lv

Christ, Hoenicke (Uni Freiburg) Tree Interpolation July 8, 2013 18 /29



Projection of Mixed Literals

@ one auxiliary variable for every node in which literal is mixed

@ projection of a = b:
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Projection of Mixed Literals

@ one auxiliary variable for every node in which literal is mixed
@ projection of a = b:

-

0

SN

=

=

{b}
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Projection of Mixed Literals &

@ one auxiliary variable for every node in which literal is mixed

@ projection of a = b:

-
0
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Projection of Mixed Literals &

@ one auxiliary variable for every node in which literal is mixed

@ projection of a = b:

-
0
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e Tree Interpolation by Example
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Interpolation Problem and Proof Excerpt g

{q,r}
qFr
7 ~
{c,d} {b,d,r,f(-)}
c=d d=bAF(b)=r
A
{aa ¢ 4q, f()}

a=cAqg="f(a)

a=bVa#cVc#dVd#b aZxbvqg#f(a)vVri(b)#rvg=r
atcVec#dvVd#bvg#f(a)Vi(b)#rVg=r
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{aa ¢ 4q, f()}

a=cAqg="f(a)
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Projection: a=bAg=Ff(a)Aqg#rANf(b)=r 2

{c, d}

{av ¢q, f()}

Christ, Hoenicke (Uni Freiburg)

{q,r}

Tree Interpolation

{b7 d? r, f()}
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Projection: a=bAg=Ff(a)Aqg#rAf(b)=r 2

{a,r}
qFr
el ~
{Cv } {b7 d? r, f()}
f(b)=r

{av ¢q, f()}
q=f(a)
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Projection: a=bAg=Ff(a)Aqg#rAf(b)=r 2

{q,r}
q#riAx=x3
v AN
{c,d} {b,d,r,f()}
X1 = X2 f(b)y=rAx3s=b
A
{av ¢q, f()}

g=f(a)Na=x

Christ, Hoenicke (Uni Freiburg)

Tree Interpolation
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Interpolation: a=bAqg="f(a)ANf(b)=rAqg#r g

q7#rAx=x3
X1 = X2 f(b):r/\X3:b iR

o= s VAN

G—f(a) F(b) — r
|

—X] =—X) == X3 = b
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Interpolation: a=bAqg="f(a)ANf(b)=rAqg#r g

qFrix=x3
x *

X1 = Xo f(b):r/\X::,:b iR

q=f(a)A/\a:x1 / \
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Interpolation: a=bAqg="f(a)ANf(b)=rAqg#r g

qFrix=x3
x *

x1=x2 f(b)=rAx3=b 1

o= s VAN

| !
a=—X] — X2 — X3 — p
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Interpolation: a=bAqg="f(a)ANf(b)=rAqg#r g

qFrAx=x3
x *
X1 = Xo f(b)zr/\X3:b iR
A
g=rf(a)Na=x

q = f(Xg) f(X3) =r
g—fla) fby—r  9=10a)
| !
Q = X] === X2 — X3 — p
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Projection: a=cAc=dAd=bAa#b

{q,r}

7 ~
{c,d} {b,d,r,f(:)}

A
{a,c,q,f()}
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Projection: a=cAc=dAd=bANa#b

{q,r}

A ~
{bv d,r, f()}
d=0>b

{a,c.q. (1)}

a—==«c
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Projection: a=cAc=dAd=bAa#b

{a,r}
XoNXz =10
A ~
{c,d} {b,d,r,f(-)}
c=dA X1 CXo d=bAbe X;
A
{37 ¢ q, f()}
a=cNhaeX

o Xi, X5, X3 set-valued
@ X; separates a and b

@ No reasoning about sets required in the solver
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Interpolation: a=cAc=dANd=bAa#b

XQﬂX:J,:@
> -
c=dANX1CXo d=bAbeX;
A
a=cNhaeX
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/ N\

July 8, 2013

25 / 29



Interpolation: a=cAc=dAd=bANa#b g

X2ﬂX3:(Z)

AS

> 1
c=dANXiCXo, d=bAbeXs / \

A
a=cAhacX
1 deXs
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Interpolation: a=cAc=dAd=bANa#b g

X2ﬂX3:(Z)

AS

> 1
c=dANXiCXo, d=bAbeXs / \
A

a=cAhaeX dex
3

- Xy - Xo - X T
1 2 /- X3 cex

b—c—d—b
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Interpolation: a=cAc=dAd=bANa#b g

X20X3:(Z)

AS

> 1
c=dANX1CXo d=bAbeX; / \
A

a=chaek deXp d€X3

|'X"X"X T
1 2/ 3 CeXl

b—c—d—b
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Magic Rule for Resolution on Mixed Equalities

EIBURG

@ partial interpolant for C; V a = b has form /1[s € X]
“If s € X holds, then s = a resp. s = b (whichever is in
e partial interpolant for C; V a # b has form h(x)
“h(x) holds for a resp. b (whichever is in the subtree)”

the subtree)”
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Magic Rule for Resolution on Mixed Equalities

EIBURG

@ partial interpolant for C; V a = b has form /1[s € X]
“If s € X holds, then s = a resp. s = b (whichever is in
e partial interpolant for C; V a # b has form h(x)
“h(x) holds for a resp. b (whichever is in the subtree)”
@ partial interpolant for the resolvent C; V G,

the subtree)”

hlh(s)]

Christ, Hoenicke (Uni Freiburg) Tree Interpolation July 8, 2013 26 / 29



Interpolating the Resolution Step &

A /\

GVa=b:deX, de X GVa#b :qg="Ff(x)f(xz)=r

| e

ce Xy f

GvGo
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Interpolating the Resolution Step

A /N

CiVa=b :dc X, dc Xs GVa#b q="»f(x)f(x)=r

| z

ce Xy q= (Xl)
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© Conclusion
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Conclusion g

@ We extended our interpolation scheme to sequence and tree
interpolation.

Tree interpolation is repeated binary interpolation.

(]

Scheme computes quantifier-free interpolants in the combination of
UF and LA, in particular in QF_UFLIA.

No need to manipulate resolution proof.

Independent of the solver or proof search.

Correctness proofs still work in progress.
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Conclusion

@ We extended our interpolation scheme to sequence and tree
interpolation.

Tree interpolation is repeated binary interpolation.

(]

UF and LA, in particular in QF_UFLIA.
No need to manipulate resolution proof.
Independent of the solver or proof search.

Correctness proofs still work in progress.

Scheme is implemented in SMTInterpol.

http://ultimate.informatik.uni-freiburg.de/smtinterpol

()
Thanks for your attention -~
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